MORITA EQUIVALENCE OF NEST ALGEBRAS 

_ G. K. ELEFTHERAKIS 
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' Abstract. LetA/i (resp. A/'2) be anest, A (resp. _B) be the corresponding 

I ■ nest algebra, Aq (resp. Bq) be the subalgebra of compact operators. We 

prove that the nests A/i , J\f2 are isomorphic if and only if the algebras A, B 
are weakly—* Morita equivalent if and only if the algebras Aq,Bq are 
strongly Morita equivalent. We characterize the nest isomorphisms which 
implement stable isomorphism between the corresponding nest algebras. 
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1. Introduction 



Rieffel, introduced the idea of Morita equivalence in Operator Theory de- 
veloping the theory of Morita equivalence for C* and W* algebras [IT] . After 
the advent of the theory of operator spaces and operator algebras a parallel 
Morita theory for non-selfadjoint algebras was developed by Blecher, Muhly 
^ . and Paulsen [6], 0. We call this equivalence strong Morita equivalence. 

•jH ! Recently, two approaches have been suggested for the Morita equivalence 

^ \ of dual operator algebras. The one was introduced pjj by the author of 

^ ■ this article and it is equivalent to the notion of stable isomorphism of dual 

fsj . operator algebras [13]. We call this equivalence A— equivalence. The other 

O \ was introduced by Blecher and Kashyap [3j, [14j and it is strictly weaker 

^ ' than A— equivalence. This equivalence is called weak—* Morita equivalence. 

It is interesting that if A and B are strongly Morita equivalent approximately 
- unital operator algebras then the second dual operator algebras A** , B** are 

rS I weakly—* Morita equivalent [3]. New results on weak—* Morita equivalence 

I and A— equivalence can be found in [3]. 

In this paper we prove that strong and weak—* Morita equivalence is a 
lattice property for nest algebras. Particularly we prove that if A and B are 
nest algebras and Aq, Bq are the subalgebras of compact operators then Aq 
and Bq are strongly Morita equivalent if and only if A and B are weakly—* 
Morita equivalent if and only if the nests Lat{A), Lat(i?) are isomorphic. The 
main tool of the proof is that if 6 : Lat(A) — >■ Lat(-B) is a nest isomorphism 
we can construct a dual operator A — B bimodule Y and a dual operator 
B — A bimodule X such that the identity operator of A is the limit in strong 
operator topology of a net of finite rank contractions (/a) where every fx is 
the norm limit of a sequence where is a contractive row operator 

with finite entries from Y and xf is a contractive column operator with finite 
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entries from X. Similarly we can decompose the identity of the algebra B. 
This can be considered as a generalization of the Erdos density Theorem for 
nest algebras [7j. 

In section 3 we prove that two nest algebras are weakly—* Morita equivalent 
if and only if they are spatially Morita equivalent (definition 13. ip . Also we 
prove that every spatially Morita equivalent dual operator algebra with a nest 
algebra is weakly—* Morita equivalent with this nest algebra. It is interesting 
that this does not happen for the more general class of operator algebras, the 
CSL algebras. 

In section 4 we present a measure-theoretic result which describes when 
two separably acting nest algebras are stably isomorphic. As it was pointed 
out in [3] the [121 example 3.7] is an example of weak—* Morita equivalent 
algebras which are not stably isomorphic. Using the results of this paper we 
give a new proof of the fact that weak—* Morita equivalence is strictly weaker 
than A— equivalence. 

In section 5 we present a counterexample which states that the second duals 
of two unital strongly Morita equivalent algebras are not necessarily stably 
isomorphic. 

In what follows we describe the notions we use in this paper. Since we 
use extensively the basics of Operator Space Theory, we refer the reader to 
the monographs |5], [9], [15] and [16] for further details. A (normal) repre- 
sentation of a (dual) operator algebra A is a (tf*— continuous) completely 
contractive homomorphism a : A ^ B{H) on a Hilbert space H. In the case 
A is unital, we assume that a is unital. 

Let H,K be Hilbert spaces and A C B[H) be an algebra. A subspace 
X C B{K, H) is called a left module over A if AX C X. Similarly we can 
define the right modules over A. A left and right module over A is called a 
bimodule over A. An abstract left (right) operator module over an abstract 
operator algebra A is an operator space Y such that there exist a completely 
contractive bilinear map AxY {Y x A ^Y). A left and right operator 

module over A is called an operator bimodule over A. 

If A is a dual operator algebra and y is a dual operator space we say that 
y is a left (right) dual operator module if the above completely contractive 
bilinear map is separately w*— continuous. A left and right dual operator 
module over A is called a dual operator bimodule over A. 

Two operator bimodules Y and Z over an operator algebra A are called 
isomorphic as operator bimodules if there exists a completely isometric and 
onto A— module map vr : F — )■ Z. We denote Y = Z a.s operator bimodules. In 
the case A is a dual operator algebra and F, Z are dual operator bimodules we 
denote Y = Z as dual operator bimodules if the above completely isometric 
and onto A— module map vr is w* — (bi) continuous. 
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If y is a right operator module over an operator algebra A and X is a left 
operator module over A we denote by Y ®^ X the balanced Haagerup tensor 
product of Y and X which linearizes the completely bounded A— balanced 
bilinear maps [U 3.4]. If Y (resp. X) is a left (resp. right) operator module 
over an operator algebra B then Y ®^ X is also a left (resp. right) operator 
module over B, [6l Lemma 2.4]. 

If y is a dual right operator module over a dual operator algebra A and 
X is a left dual operator module over A we denote by Y X the balanced 
normal Haagerup tensor product of Y and X which linearizes the separately 
w*— continuous completely bounded A— balanced bilinear maps pL3j. In the 
case Y (resp. X) is a left (resp. right) dual operator module over a dual 
operator algebra B then Y X is also a left (resp. right) dual operator 
module over B, fi3\ . 

We give now the two definitions of Morita equivalence using in this paper: 

Definition 1.1. [6J The operator algebras A,B are called strongly Morita 

equivalent if there exist an A — B operator module X and a B — A operator 
module Y such that A = X ®^^Y and B = Y ®\X as A and B operator 
bimodules respectively. 

Definition 1.2. [3] The dual operator algebras A,B are called weakly—* 
Morita equivalent if there exist an A — B dual operator module X and a 
B - A dual operator module Y such that A = X Y and B = Y ^'f X as 
A and B dual operator bimodules respectively. 

If X is a subspace of B{H., K), where H and K are Hilbert spaces, we denote 
by i?^"(X) (resp. C4™(X)) the space of operators {xi,X2,...) : H°° -)■ K 
(resp. (xi, X2, ...)"^ : H — )■ K°°) such that G X for all i and there exists 
no G N such that Xn = for all n > uq. 

If si = {s\, si 4^, 0, 0, ...), 4^ ^ and = (sj, s^, 4^, 0, 0, ...), s^^ ^ 
are operators in i?^"'(X) we denote by (si, S2) the operator 

(Si, $2, Si, S2, 0, 0, ...) 

which also belongs to R{^{X). In the same way if Si,S2,...,s„ G i?^"(X) 
we define the operator (si, S2, s„) G -R^"(X). Similarly if ti,t2,..-,tn G 
C4^"(X) we define the operator (^1,^2, ■■■,tnV e C'£"(X). 

A nest A/" is a totally ordered set of projections of a Hilbert space H 
containing the zero and identity operators which is closed under arbitrary 
intersections and closed spans. The corresponding nest algebra is 

Alg(AA) = {x G B{H) : N^xN = V X G A/"}. 

If X G A/" we denote by X_ the projection onto the closed span of the union 
Um<n {M{H)). If X_ < X we call the projection NqN_ an atom. If the nest 
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has not atoms is called a continuous nest. If the atoms span the identity 
operator the nest is called a totally atomic nest. An order preserving 1-1 
and onto map between two nests is called a nest isomorphism. 

If TVi and A/2 are nests acting on the Hilbert spaces Hi, H2 respectively and 
: Ml — )■ A/2 is a nest isomorphism we denote by Op{9) the space of operators 
X e B{Hi,H2) satisfying e{N)^xN = for all N e Mi. Observe that Op{e) 
is an Alg(A/'2) - Alg(A/'i) bimodule. 

Finally, if X is a normed space we denote by Ball{X) the unit ball of X 
and by X* its dual space. If Hi,H2 are Hilbert spaces and ^ E H2,r] E Hi 
are vectors we denote by ^ ® 77* the rank 1 operator sending every u E Hi to 
< u,ri > ^ G H2, where < ■ > is the inner product of Hi. Also we symbolize 
the strong operator topology by SOT. 

2. MORITA EQUIVALENCE FOR NEST ALGEBRAS 

In this section we fix nests A/i, A/2 acting on the Hilbert spaces Hi, H2 re- 
spectively, and a nest isomorphism 6* : A/i — ?■ Af2. We denote A = Alg(A/i), B = 
Alg(A/'2), X = Op(6'), Y = Op(6'~^). If Z is a space of operators we denote its 
subspace of compact operators by Zq. Observe that 

AYB C Y, BXA CX, YX C A, XY C B, 

AoYoBoCYo, BoXoAoCXo, YqXq C Ao, XqYo C Bq. 

The main result of this section is Theorem 12.91 In particular we are going 
to prove that 

Ao = Fo8)|o^o, Bo = Xo®%Yo, A = Y0fX, B = X (»f Y. 

Suppose that p = \/{N : N G A/i}. The following lemmas are used in 
Theorem 12. 5[ where we are going to prove a variant of the Erdos density The- 
orem for nest algebras: There exists a net of finite rank contractions (/a) C A 
converging in SOT topology to the identity operator of Hi, where every f\ 
is the norm limit of a sequence (l/i'a;^)iGN where G Ball{R{^{YQ)),x^ G 
Ball{Cf^''{Xo)) for all i,X. 

Lemma 2.1. There exists a net {Ix) of finite rank contractions converg- 
ing in SOT topology to the projection p such that Ix = s\tx where sx G 
BaU{R{^^{Yo)), tx G Ball{Cg^{X^)) for all A. 

Proof Suppose that p = VkejPk where pk = NkQ{Nk)- for E Ni,k E J. 
Choose a net of finite rank contractions {fi)i(zi converging in SOT topology 
to the identity operator of ifi. If J-" = {-F : F finite subset of J} the family 
{gF,i){F,i) indexed by J-" x / where gF,i = JZkepPkfiPk is a net. Observe that 
every gp^i is a finite rank contraction belonging to A. We can easily check that 
SOT - hm(^F,i) 9F,i = ykPk = P- 
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Let / = PkfiPk for some k E J,i E I with polar decomposition / = u\f\. 
Suppose that 

n 

for Xj > and orthogonal vectors of Pk{Hi). Choose a unit vector rj in 
{e{Nk) e e{Nk)-){H2). Now we have 

n 

where y = (V%"Ci ® rj*, \/\iin ® i]*). Observe that / = uyy* and uy e 
Ball{Rf^-{Yo)),y* e BaU{Cf^-{Xo)). 

Suppose now that F = {ji,--,jn} (Z J,i e I and gF,i = Yl=iPjkfiPjk- 
By the above arguments PjJiPj^ = Sktk where Sk G BaU{R{^"'{Yo)),tk G 
Sa//(C4'"(^o))- So gF,i = st where 

Also, since the projections ipk)keJ pairwise orthogonal and < 1 

for all k we have that 

n n 

ikir = II ^ II Zl^ife^'=*fe^^''^ii - 1- 
fe=i fc=i 

Similarly we can prove \\t\\ < 1 and this completes the proof. □ 

Lemma 2.2. Suppose that p-^ ^ ^ £ Ball{Hi) and N E Mi such 

that = p-^N{C,),i] = p-^N-^{ri). There exist rank 1 operators (Sn)neN C 
Ball(Y), (t„)„eN C Ball{X), such that the operator ^ ^rj* is the norm limit 
of the sequence (sn^n)neN- 

Proof We define the continuous order preserving map 

cf>:p^Xi^[0,Ur]--P^M^\\p^M{Or. 

The nest p-^Mi is continuous, so is onto [0, Choose a strictly increasing 

sequence (A„) such that A„ — )■ Choose Nn G A/i such that (pip-^Nn) = A„. 
It follows that Nn < Nn+i < N for all n G N and p-^N^i^ ^. Similarly 
we can find a sequence (M„)„gp^ such that N < M^+i < M„ for all n e N 
and p^{I — Mn){ri) — )> rj. For every n G N we choose a;„ e H2 such that 
\\e{Mn) e ^(iV„)K)|| = 1. The operator 

satisfies s„ = NnSnO{Nn)'^ and so s„ e SaZZ(lo). Similarly the operator 
tn = (^(M„) e 0{N„){uj„))^p^{I - MnM* 
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satisfies tn = 6{Mn)tnM^ and so t„ G Ball^Xo). Now we have 

Sntn = P^NniO ® - M„)(r7)* 

which clearly converges in norm to the operator ^ ® r]*. □ 

Lemma 2.3. Suppose that p-^ 7^ 0,^ G -f^i snc/i t/iat = 1 ^'^^ Q' ^■^ 

the projection onto the space p-^Af"^. There exists a sequence of finite rank 
contractions (r„)„gN C A converging in SOT topology to the projection q such 
that r„ = II ■ II - liniieNS^tr where G Ball{Rg''{Yo)),t'l G BaU{C^''{Xo)) 
for all i,n eN. 

Proof We define the continuous order preserving map 

[O,l],0(iVp^) = WNp^m'- 

Since the nest Mip-^ is continuous (p is onto [0, 1]. Choose Nk^nP'^ the least 
element in Mip-^ such that (j){Nk,nP'^) = ^ = 0, 1, 2"-. 
We denote 

2" 
fc=2 

where fk,n = ik-i,n ® 

As in [TJ Lemma 3.9] we can prove that ||r„|| < 1 and the sequence (r„)„gN 
converges in SOT topology to the operator q. 

By the above lemma there exist sequences of rank 1 operators (sf'")ieN C 

SaW(Fo))(^^")^GN C BaU{Xo), such that 5^'"^^'" M! — 00 for all A;,n. 

We denote 

„n _ /'„2,n 3,n „2",nN ,n _ /,2,n ,3,n .2",n\r 

and we have '"n = || • || — hnii Also 



E 

fc=2 

We may assume that s^'" = so 

2" 
fc=2 

Since Hs^'^H < 1 and the projections (-E'fc-i,n)fc are pairwise orthogonal we 
have ||s"|| < 1. Similarly we can prove \\t^\\ < 1. □ 

Lemma 2.4. Suppose that p-^ 7^ 0. There exists a net [gx) of finite rank 
contractions in A converging in SOT topology to p-^ such that S'a = || ■ || ~ 
limi^nsftf for all A where sf G BaU{RfJ;'{Yo)),t^ G 5a//(C4™(Xo)) for all 
i G N. 
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Proof Using Zorn's Lemma we find a family of vectors '■ k G L such 
that the projections onto p-^f/l'^k, k E L are pairwise orthogonal and they 
span p-*-. We assume that ||p"'"(^a,0 || = 1 for all k E L. From Lemma [2.31 there 
exist finite rank contractions {r-^)nm such that = SOT — lim„gN r'^ and 

k II II !• n,k,n,k r 

'"n = Ir II ~ hmjg^Sj t- tor sequences 

{sT%m C M(i?S"(Fo)), {tT%en C Ball{Ct{Xo)). 

We define = {F : F finite subset of L}. If F G J-" and n G N we define 
the finite rank contraction gn,F = J2keF^n- The family {gn,F)n,F indexed by 
N X J" is a net. Fix ^ e Hi. 

Observe that for all n G N 

l|r^(0 - qkiOr = kkirt - InMOW < 2||g.(0ir 

and so 

keL kGL 

If n G N and F G J-" we have 



(2.1) 

keL 

< E - ?fc(oir + ib^(e)ir - E ii^'^(of 

Since lim„gN lkn(0 ~Q'fc(0 P = by the Theorem of dominated convergence 
we have 

limEll^'(O-9;.(Oir = 0. 
neN ^ — ^ 

fceL 

It follows now from fl2.ll) that lim(„i?) \\gn,F{0 ~P'^{0\\'^ = 0- We proved that 
SOT - lim(„,ir) gn,F = P^- 

liF = {ki, ...,kr} CL then gn,F = Em=i where 

r^" = II • II - lims"''''"t"''''". 



im 



So s-n^F = II ■ II - limieN s^'^f^'^ where 



n,_F / n,fci n,kr\ j.n,F (^n,k\ j.n,kr\T 



S» 71. .TTj.kq .TTi.fCq 111 ' J* / \ * * 

mce Sj = gfc^.Sj , t- = and the projections (g^jj are pairwise 

orthogonal we conclude that s"'^ G 5a//(i?£"(Fo)), ^ 5a//(C£j'^(Xo)) for 
all {n,F). This completes the proof. □ 
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Theorem 2.5. There exists a net of finite rank contractions {fx)xeA con- 
verging in SOT topology to the identity operator I^^ such that fx = \\-\\ — 
limieM^^.V where iv^)i^j, C Ball{R{^^{Yo)), {u^)i^j, C Ball{CfJ,^{Xo)) for all 
A G A. 

Proof If p-*- = the conclusion comes from Lemma [2m So we may assume 
that p-*" 7^ 0. From Lemmas 12.11 12.41 there exists a net (/a)aga of finite rank 
contractions converging in SOT topology to the projection p such that l\ = 
sa^a where sx G Ball{RfJ^''{Yo)),tx G 5a//(C/'"(Xo)) for aU A G A, and a net 
(fi'A)AeA of finite rank contractions converging in SOT topology to p^ such 
that fi'A = II ■ II — liniigN Z/i'a;^ for all A G A where 

G 5a//(i?£"(Fo)), xf G i?a//(C4-(Xo)) 

for all i G M. 



We denote fx = 
Observe that Ihi 
have 



h + gx, 



V. 



A 



u. 



A 



{tx,xlY for all A G A,i G N. 



SOT - limAGA fx and fx = \ 

A /„ .A\ * I 



lim 



iv^uf. Now we 



.A||2 



Similarly 



\sxs*x + yi {y, 
= \\psxs*xP + p^yi{y, 
< 1 for all A G A, i G N. □ 



< 1. 



Theorem 2.6. The algebras Aq,Bq are strongly Morita equivalent. Particu- 
larly Aq = Yq Bq = Xq ^0 operator modules. 

Proof We define the bilinear map Yq x Xq — )■ Aq : {y, x) — )■ yx. This map is 
completely contractive and i?o— balanced, so induces a completely contractive 
Aq— module map vr : Yq Xq ^ Aq : y x ^ yx. We shall prove that tt 
is completely isometric. It suffices to prove that if 



rrii.j 

E 

k=l 



*)7 

Vk 



, 1,3 ■ ■ 
''Bo Xf. ,i,J 



then 



< 



■Ji,3 



,k=l 



We recall the contractions fx, ('ys)seN) 
If X is a compact operator then x = 



follows that Zij 
such that 



-liniAES?/;; 



e < 



{Ug)sm, A G A from Theorem 12.51 

I ■ II — limAa;/A ([Zl Proposition 1.18]). It 

y)Bo {x\^ fx)- If e > there exists A G A 




Since /, 
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II — liiiisgN Ms there exists s G N such that 



e 

-2< 



.A;=l 



Since ^^'■'f^ G i?^"(i?o) we have 



I 



e < 



\k=l 



vfc = l 



< 



< 



k = l ; 

rriij ^ 









Ih^ll 



X 



S3 



< 



k=l 



. We 



Since e was arbitrary we have ||(-2jj)i.j 

proved that vr is completely isometric. It remains to prove that vr is onto Aq. 
It suffices to prove that the space Jmvr is dense in Aq. 

Let a G BaU{Ao) and e > 0. Since o = || ■ || — liniA fxa there exists A G A 
such that ||a — fxa\\ < |. Since /a = || ■ || — lim^fg-u^ there exists s G N such 
that 

\\fx-vyA<'-. 

It follows that 1 1 a — f^M^aH < e. But v^u'^a = vr(?;^ Cg)^,, (w^a)) and this 
completes the proof. Similarly we can prove that Bo = Xo ®'X^ Yq. □ 



We define the bilinear map Y x X ^ A : (?/, x) — yx. This map is com- 
pletely contractive i?— balanced and separately to*— continuous, so induces a 
completely contractive w*— continuous map p : Y X ^ A : y ®b x ^ yx 
which is also an A— module map. We shall prove that the restriction of p 
on the space Y (g)^ X is completely isometric and we shall use this fact in 
Theorem [Zl to prove that A = Y ^''j^ X. 

Lemma 2.7. The restriction of p on the space Y®\X is completely isometric. 
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Proof It suffices to prove that if 



"^y'k^ ®B Xk\iJ = l,...,n 



k=l 



then 



.fc=i 



We recall the contractions f\, {v^)sm, ('Ws)seN, A G A from Theorem 12.51 Fix 
A G A. If e > there exists s G N such that 



- e < 



'mi J- 

k=l 
rriij 



,k=l 



< 



,k=l 



It follows that 



.fc=i 



< 



l^Vk^k 



,k=l 



for all A G A. Since 

''rriij 



B Xk 



-lim Yy'k^ ®B ^^'kh 



vfc=l 



.fc=l 



we have 



1.1 

BXk' 



,k=l 



< 



,k=l 



''^k 



□ 



The second dual operator space Aq* of the operator algebra Aq is also an 
operator algebra with product describing in [5l section 2.5]. The product on 
Aq* extends the product on Aq. With this we mean that if i : — )■ Aq* is 
the canonical embedding then L{ab) = L{a)L{b) for all a,b E A^. 

Lemma 2.8. The operator algebra A, (resp. B) is isomorphic as dual oper- 
ator algebra with Aq* (resp. B^* ). 
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Proof We denote by Ci the space of trace class operators in Hi and 

Vl = {ceCi: {N.)^cN = Q 'iN G Mi}. 

By [71 section 16] the maps 

/i : Ci/ri : /i(c)(a) = tr(ca), 

a:A^ {Ci/ny : a(a)(c) = tr(ac) 
are surjective isometries. We define the isometry = (/i*)^^ o a : A — )■ Aq*. 
This map satisfies 0(a) = t(a) for all a G Aq. Since z(a6) = L{a)L{b) for all 
a, 6 G Ao and is w*— continuous is a homomorphism onto Aq*. (When we 
say continuous we mean that is B{Hi)^ — A^ continuous.) 

If n G N the algebra M„(y4) is also a nest algebra, so by the above argu- 
ments, there exists a w*— continuous isometry 

0: Mn{A) ^ (M„(A)o)** = M„(Ao)** 

such that 

4> ((flij)) =^ (Ki)) 

for all (ojj) G M„(Ao), where 7: M„(Ao) M„(Ao)** is the canonical embed- 
ding. By O 1.4.11] there exists a w*— continuous isometry r : Mn(Ao)** — )■ 
M„(y4g*) such that t{l ((oij)) = (^(ajj)) for all (ajj) G Mn{Ao). So we have 
a w*— continuous isometry to 0: Mn(A) — )• M„(Aq*) satisfying 

ro {{aij)) = (i(aij)) 
for all (ojj) G M„(ylo). But the map 

0„ : M„(A) ^ M„(A**) : (6,,,) = (0(6,,,)) 
is a w*— continuous map satisfying 

0n((ai,j)) = (</'(«i,i)) = 

^ If* 

for all (ajj) G M„(y4o). So 0„ is equal to to in Mn{Ao). Since M„(Ao) = 

Mn{A) we have 0„ = ro . So 0n is isometry for all n E N. We proved that 
is a completely isometric map and this completes the proof. □ 

We are now ready to present the main theorem of this paper: 

Theorem 2.9. A. The following are equivalent: 
(i) The nests A/i,A/2 are isomorphic, 
(a) The algebras Aq.Bq are strongly Morita equivalent. 
(Hi) The algebras A,B are weakly—* Morita equivalent. 
B. If 9 : Ml M2 is a nest isomorphism, X = Op{9), Y = Op{6^^) then: 

(i) Aq = Yq -^0, Bq = Xq Yq, as operator modules, 

(ii) A = Y X, B = X y, as dual operator modules. 
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Proof 

A.(i)^ (ii) 

This is Theorem 12.61 

(ii) ^(iii) 

If Aq and Bq are strongly Morita equivalent then the operator algebras A^* 
and Sg* are weakly—* Morita equivalent, [3l section 3] . So by Lemma 12^8] A 
and B are weakly—* Morita equivalent. 

(iii) ^(iv) 

Let {A,B,V,U) be a weak—* Morita context [3J. It follows that there 
exist completely contractive separately w*— continuous bilinear maps (■, ■) : 
V X U ^ A which is A— module and 5— balanced map and [■,■]: U xV ^ B 
which is i?— module and A— balanced map satisfying 

(y, x)y' = y[x, y'], x'{y, x) = [x', y]x Vx, x' e U, y, y' G V, 

and A = span'^*({(y,x) : x eU,y e V}),B = span"*({[x, : x eU,y e V}). 

If N E Ml we define 0{N) the projection onto the space generated by 
vectors of the form [xN, y]{ijj),x E U,y E V,oj E H2. Since b[xN, y] = [bxN, y] 
for all 6 G 5 we have e{N)^B9{N) = so 9{N) E N2. Also if A^i < N2 then 
^(^1) < ^(^2) and so 9 is an order preserving map from A/i into A/2. 

Similarly if M G Mi we define cr(M) the projection onto the space generated 
by vectors of the form {yM, x){^),x E U,y E V,C, E Hi. The map cr : M2 Mi 
is an order preserving map. 

U x,x' E U,y eV and N E Mi then 

9{N)^[xN,y] = ^ [9{N)^xN,y] = ^ [9{N)^xN,y]x' = 
^9{N)^xN{y,x') = 0. 
Since the operators {y, x') span the algebra A we have 

(2.2) 9{N)^xN = 0^xN = 9{N)xN Wx E U, N E Mi. 
Similarly 

(2.3) yM = a{M)yM V y E V, M E M2. 
If X, x' EU,y,y' eV,N E Mi we have 

[xN^,y][x'N,y'] = [[xN^,y]x'N,y'] 
= [xN^{y,x')N,y'] = because {y,x') E Alg(A'i) 

It follows that [xN^, y]9{N) = ^ [x, N^y9{N)] = for al\xEU,yE V, 
and so 

(2.4) N^y9{N) = ^ y9{N) = Ny9{N), ^ y E V, N E Mi 
Similarly we can prove 
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(2.5) xa{M) = Mxa{M) ^ x e U, M e M2 

UN eUi and x eU,y eV then (y, x)N = {y, xN) = {y, 6{N)xN) because 
of f l2.2p . The last operator is equal to {y9{N),xN) = a{6{N)){y, x)N because 
of dH- It follows that N <a{e{N)). 

Similarly {y.xYN^ = {N^{y,x))* = {N^y.x)* = {N^ye{N)^,xy because 
of (12. 4p . The last operator is equal to 

{N^y,e{N)^xy = {N^y,e{N)^xa{e{N))^y 

because of (ES]). The last operator is equal to a{9{N))^{N^y,e{N)^xy . 

Since Ih^ = w* - limj ZlfcLid/L ^fc)* ivl) i^k) C f/ we have A^^ < 
a{d{Ny^ and so = (r{e{N)). 

Similarly we can prove that M = 6 {a {My for all M G A/2. This completes 
the proof of the fact that 6* is a nest isomorphism. 

B. Let 6 : A/i — )■ A/2 be a nest isomorphism and X = Op{6), Y = Op{6~^). 
Claim B-(i) follows from Theorem 12.61 

Let p:Y^fX ^ A be the map which was defined above Lemma 12.71 Let 
z e Ball{Mn{Y ®f Xy for a fixed n G N. By P Corollary 2.8] there exists 
a net {zi) C Ball{Mn{Y (g)^ X)) converging in w* topology to z. It follows 

that p{zi) ^ p(z) in M„(y4). If f,g are finite rank operators in A we denote 
/" = /©/©...© / and similarly for g"^. We have that 

rpiz,)g- U rp{z)g- ^ Pirz^g-) 4 pirzg-). 

From Lemma O it follows that f'zg"^ G M„(r ©^ X) and ||p(/"^^")|| = 
for all finite rank operators f,g in A. We recall the finite rank con- 
tractions {fxjxeA from Theorem 12.51 For A,yU G A we have 

ii/aw;ii = iiP(/roii = ii/rpw/;ii < iipWII- 

Since zfj^ = w* — MmxfxzfJ^ we have \\zfj^\\ < \\p{z)\\ for all p E A. Now 
taking the w*— limit of {zfJ^)fj,^A we obtain ||2;|| < ||p(2)||. We proved that the 
map p : Y ©'^^ X — )■ A is a complete isometry. From Theorem 12.61 and its 
proof we have that Aq = span(yo-^o)- Since A = Aq we have 

A = span"* (FX) = span"*({p(y ®b x) : y e Y,x e X}). 

By the Krein-Smulian Theorem the space Imp is ty*— closed and so p is onto 
A. Similarly we can prove that B = X Y, as dual operator modules. 
□ 



14 



G. K. ELEFTHERAKIS 



3. Spatial Morita equivalence and nest algebras 

In this section we shall investigate the relation between weak—* and spatial 
Morita equivalence for nest algebras. We give the definition of spatial Morita 
equivalence: 

Definition 3.1. (I. G. Todorov) Let C,D be w* — closed algebras acting on 
the Hubert spaces Ki,K2 respectively. We say that C and D are spatially 
Morita equivalent if there exists a D — C bimodule V C B{Ki, K2) and a 
C-D bimodule f/ C 5(7^2, ^1) such that C = span"'*(f/y), D = span"*(\/?7). 

We also need the following notions. If £ is a set of projections acting on 
the Hilbert space H the set 



is an algebra. An algebra A is called refiexive if there exists a set of projections 
C such that A = Alg(£). In the special case where £ is a complete lattice of 
commuting projections containing the zero and identity operators the algebra 
Alg(£) is called a CSL algebra and the lattice C is called a CSL lattice. 
Obviously, nest algebras are CSL algebras. If A is an algebra acting on the 
Hilbert space H the lattice 



is called the lattice of A and we denote it by Lat(y4). If £ is a CSL lattice 



Two spatially Morita equivalent algebras are not always weakly—* Morita 
equivalent even in the case one of them is a CSL algebra: 

Example 3.1. Let C be a nest algebra. We denote the algebras A = C (B C 
and 



Observe that A is a CSL algebra whose lattice is 

Lat(v4) = {p®q:p,qe Lat(C)}. 

Since the center of C is trivial [Tj Corollary 19.5] the center of A is Z{A) = 
C © C and the center of B is 



Alg(£) = {xe B{H) : p^xp = 0, W p E C} 



{p e pr{B{H)) : p^xp = 0, W x e A} 



then Lat(Alg(£)) = £, [8]. 





We also denote the spaces 
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We can check that X is a,n A — B bimodule, Y is a B — A bimodule and 
XY = A, YX = B. So the algebras A, B are spatially Morita equivalent. 
If A and B were weakly—* Morita equivalent by [3l Theorem 3.7] they would 
have isomorphic centers through a completely isometric homomorphism. This 
is a contradiction because Z{A) is a von Neumann algebra and Z{B) is a non- 
self adjoint algebra. 

Despite the above example, in [10] we proved that two CSL algebras are 
spatially Morita equivalent if and only if their lattices are isomorphic, so by 
Theorem 12.91 we conclude the following theorem: 

Theorem 3.2. Two nest algebras are spatially Morita equivalent if and only 
if they are weakly—* Morita equivalent. 

Also despite the example 13.11 we have the following theorem: 

Theorem 3.3. Let A be a nest algebra, B be a unital dual operator algebra 
and P be a completely isometric normal representation of B such that A and 
(3{B) are spatially Morita equivalent. It follows that A and B are weakly—* 
Morita equivalent. 

Proof By [10, Theorem 4.1, remark 4.2] f3{B) is a nest algebra whose nest 
is isomorphic with the nest of A. The conclusion comes from Theorems 12.91 
andO □ 

Theorem 3.4. (Blecher-Kashyap) If A,B are weakly—* Morita equivalent 
unital dual operator algebras, for every completely isometric normal repre- 
sentation a of A there exists a completely isometric normal representation j3 
of B such that the algebras a{A), f3{B) are spatially Morita equivalent. 

Proof Suppose that {A,B,X,Y) is a weakly—* Morita context [3]- We 
use now arguments from the beginning of the 4th section of [3]- If a is a 
completely isometric normal representation of A on the Hilbert space H the 
tensor product K = Y H with its norm is a Hilbert space on which B is 
represented through the w*— continuous complete isometry /3 given by 

(3{b){y (S)h) = (by) 0h \/ beB, yeY, h e H. 

Also Blecher and Kashyap prove that the maps (p : Y B{H, K), ip '■ X ^ 
B{K,H) given by (j){y){h) = y ® h and 'ip{x){y ^ h) = a{{x,y)){h) are 
w*— continuous complete isometries. See in [5] for the properties of the bilin- 
ear map (■, ■) : X X Y A. We can easily check that ip{X) is an a{A) — P{B) 
bimodule, (f){Y) is a f3{B) — a{A) bimodule and 

a(A) = sp[n"*(^/'(X)0(r)), /3{B) = spaTi"*{(j){Y)tlj{X)). □ 

Corollary 3.5. If A is a nest algebra and B is a unital dual operator algebra 
which are weakly—* Morita equivalent then there exists a completely isometric 
normal representation (3 of B such that /3{B) is a nest algebra. 
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Proof By the above Theorem there exists a completely isometric normal 
representation 13 of B such that the algebras A and f3{B) are spatially Morita 
equivalent. From flU\ remark 4.1] the algebra P{B) is reflexive and from [TOl 
Theorem 4.2] the lattice of P{B) is isomorphic with the nest of A. So f3{B) 
is a nest algebra. □ 

Corollary 3.6. If A is a CSL algebra which is not a nest algebra then A is 
not weakly—* Morita equivalent with anyone nest algebra. 

Proof By the above corollary if A was weakly—* Morita equivalent with a 
nest algebra then it would have a normal completely isometric representation 
a such that a{A) is a nest algebra. This is a contradiction because as we can 
easily check a{Lat{A)) = Lat(a(y4)). □ 

4. A STABLE ISOMORPHISM THEOREM FOR NEST ALGEBRAS 

In this section we are going to present a new theorem which characterizes 
the stable isomorphism of separably acting nest algebras. 

Definition 4.1. Two dual operator algebras C,D are called stably iso- 
morphic if there exists a Hilbert space H and a completely isometric, w*- 

bicontinuous isomorphism from the algebra C ® B{H) onto the algebra D ® 

B{H), where ® is the normal spatial tensor product. 

We give two relevant definitions: 

Definition 4.2. [TU] Let C, D be w* closed algebras acting on Hilbert spaces 
Hi and H2 respectively. If there exists a TRO Ai C B{Hi, H2), i.e. a sub- 
space satisfying MM*M C M, such that C = spa.n'^*{M*DM) and D = 

span'"*(A^CA^*) we write C ^ D. We say that the algebras C,D are TRO 

equivalent if there exists a TRO M. such that C ^ D. 

Definition 4.3. [H] Let C, D be abstract dual operator algebras. These al- 
gebras are called A— equivalent if they have completely isometric normal 
representations (t>,ip such that the algebras (j){C),ip{D) are TRO- equivalent. 

In [13] we proved the following theorem: 

Theorem 4.1. Two unital dual operator algebras are stably isomorphic if 
and only if they are A— equivalent. 

A— equivalence implies weak—* Morita equivalence |3l section 3]. The con- 
verse does not hold. The counterexample is [121 example 3.7]. We shall give 
a new proof of this fact in Theorem 14.71 

[T2[ Theorem 3.2] implies the following corollary: 
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Corollary 4.2. Two nest algebras are A— equivalent if and only if they are 
TRO-equivalent. 

In what follows if X is a subset of B{H) where if is a Hilbert space we 
denote by X' the commutant of X and by X" the algebra {X')' . In [lOj we 
proved the following criterion of TRO-equivalence for reflexive algebras: 

Theorem 4.3. Two reflexive algebras C, D are TRO-equivalent if and only if 
there exists a *— isomorphism S : (CflC*)' — )■ (DHD*)' such that 5{La,t(C)) = 
Lat(L'). 

Comparing Theorems 14.11 14.31 and Corollary 14.21 we take the following: 

Corollary 4.4. The nest algebras Alg(A/i), Alg(A/'2) are stably isomorphic if 
and only if there exists a *— isomorphism 6 : A/"" — )■ such that 5(A/i) = A/2. 

In the rest of this section we fix two nests A/i,A2 acting on the separable 
Hilbert spaces Hi, H2 respectively and we denote A = Alg(A/i), B = Alg(A/2). 
We use now extensively notions from fP, section 7]. If ^ (resp. u) is a unit 
separating vector for the algebra A/"" (resp. N'2) we define the order isomor- 
phism (p^ (resp. ip^) from Afi (resp. A/2) onto a closed subset of the interval 
[0,1] given by ^^{N) = \\N{Of (resp. MM) = \\M{co)f). 

Suppose that [0, = U„(/„,r„) and [0, l\\ipU^2) = U„(t„,s„). If 

m is the Lebesgue measure we define the measures /ig, u^i given by 

SneS 

for every Borel subset S of [0, 1]. We denote Aii (resp. A^2) the nest {Ms : 
< s < 1} C B{L\[0,l],n^)) (resp. {N, : < s < 1} C B{L\[0,l],iy^))) 
where Ms (resp. Ns) is the projection onto the space L^([0, s], /i^) (resp. 
L\[0,s],u^)). 

The algebra A/"/' is *— isomorphic with the algebra L°°([0, 1], yU^) (resp. 
L°°([0, l],z/^)) acting on the Hilbert space L'^{[0,1], fi^) (resp. L'^{[0,l],u^)) 
through an isomorphism mapping the nest A/i (resp. A/'2) onto A4i (resp. 
M2). 

We denote by AbsHom{[0, 1]) the set of order homeomorphisms a : [0, 1] — )■ 
[0, 1] which satisfy the property m{S) = =^ m{a{S)) = 0. The theorem be- 
low describes when two separably acting nest algebras are stably isomorphic. 

Theorem 4.5. The algebras A, B are stably isomorphic if and only if there 
exist separating unit vectors ^ forJ\f{', u forN'2 and a e AhsHom{\^, 1]) such 
thata{(P^{J\fi)) =ij^{M2). 
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Proof Suppose that the algebras A, B are stably isomorphic. From Corol- 
lary U3] there exists a *— isomorphism 6 : A/"/' — > A/'g' such that 5(A/i) = A/2. 
Fix separating unit vectors ^ for Af", and u for J^2- Taking compositions we 
obtain a *— isomorphism 

6: L°°([0,l],/i5)^L°°([0,l],z/^) 

such that S (A^i) = A42- Every isomorphism between maximal abelian self- 
adjoint algebras is implementing by a unitary. So the nests M.i,M.2 are 
unitarily equivalent. By [71 Theorem 7.23] there exists a G AhsHom{\f}, 1]) 
such that a(0g(A/i)) = ipu}{,J^2)- 

Conversely if there exist such ^, u and a, by the same theorem there ex- 
ists a unitary u G i?(L^([0, 1], /ig), L^([0, 1], z/^;)) such that u*M2U = Mi. It 
follows that L°^([0, 1], /ig) = u*L°°{[0,l],h'^)u. Taking compositions we take 
a *— isomorphism 6 : A/"!" — ?■ A/'g" such that 5(A/i) = A/'2. Again from Corollary 
14.41 we conclude that the algebras A and B are stably isomorphic. □ 

Remark 4.6. If there exist separating unit vectors ^ for N'", u for and 
a G AbsHom{[0,l]) such that a(0^(A/i)) = ipuj{.-^2) then for all separating 
unit vectors ^1 for A/"/' and uji for A^" there exists ai G 746sifom([0, 1]) such 
that ai(0gj(A/i)) = ipuji{-f^2)- This is a consequence of [H Proposition 7.22]. 

We give a new proof of the following result: 

Theorem 4.7. Weak—* Morita equivalence is strictly weaker than Is.— equivalence. 

Proof Let C be the Cantor set, 7 be an order homeomorphism of [0, 1] 
such that m(7(C)) > 0. Suppose that [0, 1] \C = U„(/„, r„) and [0, 1] \7(C) = 
U„(t„, Sn). We denote by /i the measure 

KS) = ^ (r„ - /„) 

and by the measure 

u{S)=m{Sn^iC))+J2i^n-tn). 

Sn&S 

We denote Mi (resp. A/l2) the nest {M, : < s < 1} C ^(^^([0, 1], /i)) 
(resp. {N, : < s < 1} C B{L'^{[0,l],u))) where M, (resp. A^",) is the 
projection onto the space L^([0,s],/i) (resp. L^([0, s], z/)). 

The map 6' : A/li — t- M2 '■ Mg — )■ A/^(s) is a nest isomorphism so by Theorem 
12.91 the algebras A = A\g(Mi), B = Alg(A42) are weakly—* Morita equiv- 
alent. If the algebras A,B were A— equivalent by Theorem 14.51 there would 
exist unit vectors ^ for M", u for M2 and a G AbsHom{[0,l]) such that 
a{(t)^{Mi)) = i>uj{M2). From [7, Proposition 7.22] we have that m{(j)^{Mi)) = 
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m(C) = and since m(7(C)) > we have that m{ipuj{-M2)) > 0. This is a 
contradiction. □ 



5. A COUNTEREXAMPLE IN MORITA EQUIVALENCE 

In this section we shall use the notions of TRO equivalence, of A— equivalence, 
of stable isomorphism and we shall consider nest and CSL algebras. See the 
appropriate definitions in sections 1, 3 and 4. If C and D are unital opera- 
tor algebras which are strongly Morita equivalent then for every e > there 
exists a completely bounded isomorphism from C ®rnin ^ onto D ®min ^ with 
\\p\\cb < 1 + e and ||p~"'^||cb < 1 + e, where /C is the C*— algebra of compact 
operators on a separable infinite dimensional Hilbert space H and ®mm is the 
spatial tensor product [6l Corollary 7.10]. It follows that for every e > there 

exists a completely bounded w*— continuous isomorphism a from C** (S) B{H) 

onto D** (g) B{H) with ||a||cfe < 1 + e and ||a"-^||cf, < 1 + e, where ® is the 
normal spatial tensor product. One can wonder now, if the operator algebras 
C** and D** are stably isomorphic. 

In this section we give a negative answer to this question. We present a 
counterexample of unital strongly Morita equivalent algebras C and D whose 
second duals are not stably isomorphic. Also for the algebras C** and D** 
there exist normal completely isometric representations and ip respectively 
such that for every e > there exists an invertible bounded operator 
satisfying ||T,|| < 1 + e, \\T-^\\ < 1 + e, 0(C**) = T-^i){D**)T, and 

0(C) = T- 

Two nests A/", M. acting on the separable Hilbert spaces H, K respectively 
are called similar if there exists an order isomorphism 9 : M ^ M. which 
preserves dimension of intervals. We say that an invertible operator S G 
B{H, K) implements 6 if 6{N) is the projection onto SN{H) for all N e Af. 
In what follows if C is an operator algebra, A(C) is its diagonal C fl C*. 

We fix similar nests A^, M as above with corresponding nest algebras A = 
Alg(A/') and B = Alg(A^) such that ^{A) is a totally atomic maximal abelian 
selfadjoint algebra (masa in sequel) and A(i?) is a masa with a nontrivial 
continuous part, [7, example 13.15]. Suppose that : A/" — ?► Al is an order 
isomorphism implementing similarity for M,M.. We denote by Aq (resp. Bq) 
the algebra of compact operators belonging to A (resp. B) and by Ai (resp. 
Bi) the operator algebra Aq + C/jy (resp. Bq + CIk )■ We denote by X the 
space Op{9) and by Y the space Op{9~^). 

Theorem 5.1. ^ Theorem 1?>.2{)\ (Davidson) For every e > there exists 
an invertible hounded operator which implements such that \\Se\\ < 1 + 
e, \\S-^\\ < 1 + e. (Observe that S, e X and S'^ G Y for all e > 0.) 
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Suppose that j : Ai Al* is the canonical embedding. We denote by Ja 
the space j(^o) • 

Lemma 5.2. (i) Al* = Ja + CI 

(ii) JaHCI = 0. 

Proof 

(i) Since |A| < ||a + XIh\\ for all compact operators a the functional 

p: Al ^C: a + \Ih A 

belongs to If x G Al* by the Goldstine Theorem there exists a net (oj + 
Xiln) C + CI converging in w*— topology to x. Since (Aj) converges to 
p(x) we have that (aj) converges to a E Ja and so a; = a + p{x) E Ja + C/. 

(ii) Since pUo = if A/ G J_a then A = 0. So Ja n CJ = 0. □ 

Suppose that l : Aq ^ Aq* is the canonical embedding. In lemma 12.81 
we have proved that there exists a w*— continuous completely isometric onto 
homomorphism : A — )■ Aq* extending l. 

The map 0|ai : Ai — t- Aq* extends to a w*— continuous completely con- 

A A 

tractive map 0: Al* Aq* satisfying (j(a)) = 4>{cl) for all a G Ai. Also 
the completely contractive map JIaq '■ Aq — )■ Al* extends to a w*— continuous 

completely contractive map A: Aq* — )■ A^* such that A (i(a)) = j(a) for all 

^ A 

a G Aq. So the map (p o k: A^* — )■ Aq* satisfies 

^ A ^ 

o K (i(a)) =0 (j(a)) = 0(a) = ^(a) 

^ A A 

for all a G Aq. It follows that o /€= idA**- Therefore k is a complete isometry. 

We denote by 6 the w*— continuous completely isometric homomorphism 
K o0 : A — )■ Al*. Observe that 

e{A) =K (0(A)) =K ([(Aor') = JiAoT* = Ja. 

Suppose that p is the projection 0{idA)- Lemma 15^ implies that p-*- 7^ and 
Al* = Ja®Cp^. 

Lemma 5.3. The algebra Al* is completely isometric and w*— continuously 
isomorphic with the algebra A(B C acting on the Hilbert space H (B C 

Proof We define the map 6 and the projection p as in the above discussion. 
We define the completely isometric normal representation 

7c:AI* = Ja® Cp^ B{H © C) : a © Ap^ ^ Q-^a) © A 

which is onto A © C. □ 
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For every e > we denote by the bounded invertible operator © idc G 
B{H®C,K®C). Also we denote the spaces U = X®Cc B{H®C,K®C) 
and 1/ = y © C C B{K ®C,H ®C). Observe that [/isafi©C-A©C 
bimodule and VisanA^C — B(BC bimodule. 

By the above lemma tt^AI*) = A © C. If j : Ai -> Al* is the canonical 
embedding we have 7i{j{a)) = a © for all a G Aq and 7i{j{idAi)) = idn^c- 
So 

7i{j{Ai)) = span{a © 0, idn^c, a e Aq}. 
Similarly if j2 : Bi — )■ B^* is the canonical embedding there exists a normal 
completely isometric onto homomorphism p : Bl* — )■ i? © C such that 

p(j2(5i)) = span{6 © 0, idx^c, b G Bq}. 

Since S~^BoSe = Aq and S^^BS^ = A we have that 

T-V(j2(5i))T, = 7r(j(Ai)), r-V(i?r)r. = HAT) 

for all e > 0. 

In the following lemmas 15.41 15.51 we identify the algebra Al* with A © C, 
the algebra Bl* with i? © C, the algebra with 7r(j(y4i)) and the algebra 
B^ with p(j2(Si)). 

Lemma 5.4. The algebras Al* and Bl* are weakly—* Morita equivalent. 

Proof Let U,V and T^,e > be as in the above discussion. The com- 
pletely contractive bilinear map V x U Al* : {v,u) — j- vu is separately 
iy*-continuous, -BJ"* —balanced and A**— module map. So induces the w*- 
continuous completely contractive and A**— module map 

r : V U Al* -.v ©b*. u -> vu. 

We shall prove that r is isometric: If (f j) C V, {ui) C U and e > we have: 



E 

1=1 



i=l 



Since T^Vi G UV C Bl* the last norm is equal with 



i=l 



1=1 



E 

i=l 



ViUi 



iT:'®BrT.)C£ 

n 

<ii + er E 



ViUi 



ViUi 



i=l 



We let e — )■ and we have that 

n 



i=l 
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Similarly we can prove that r is completely isometric. Since A = span^*(yX) 
we have that Al* = span™ (VU) and so by the Krein-Smulian Theorem r is 
onto Al*. The proof of the fact Bl* = U V is similar. □ 

Lemma 5.5. The algebras Ai and Bi are strongly Morita equivalent. 

Proof It suffices to prove that they have equivalent categories of left op- 
erator modules [2]. If C is an operator algebra we denote by c^od the 
category of left operator modules over C. We assume that every Z G c^od 
is essential, i.e. the linear span of CZ is dense in Z. If Zi,Z2 G c^od the 
space of morphisms Homc{Zi, Z2) is the space of completely bounded maps 
F : Zi — )■ Z2 which are C— module maps. 

We fix an operator T = T^q for cq > 0. If 2' G ^^mofi then Z** is a left 
dual operator module over A^* in a canonical way [5, 3.8.9]. We denote by 
J^{Z) the subspace of U Z** 

J-'{Z) = span (Ta ®ai* z : a E Ai, z E Z). 

Since U Z** is a left operator module over Bl* and 

b{Ta z) = (bTa) 0^.. z = T{T'^bTa) 0^** z 

with T~^bT G Ai for all 6 G -Bi, J^{Z) is a left operator module. 
liW & B^mod we denote by Q{W) the subspace of V W** 

(5{W) = sp[n(aT"^ w : a e Ai,w e W). 

Since V 0'^'** W** is a left operator module over Al*, clearly Q{W) G ji^^mod. 
Now 

^(J'(Z)) = span(a2T"^ (g)^.. Tai ®ai' eAi,ze Z) 

is a left operator module over Ai and subspace of the space V<^'^** U ®"J^„ Z**. 
The W7* -Morita equivalence A*^* = V U, Bl* = U V induces ([3l 
Theorem 3.5]) a complete isometry 

V u z** z** -.v u ®Ar ^ ^ 

which restricts to a completely isometric map 

i?z : G{J^iZ)) Z : a2T-^ Tai ^ «2ai^ 

for all ai, 02 G v4i, z G This map is clearly onto Z. 

Every morphism F G HomAi{Zi, Z2) can be extended to a morphism 

A 

F belonging to ifom^*,(Zj**, Z2*), the space of ty*— continuous completely 
bounded A^*— module maps. (Use for example 1.4.8]). 
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The weak-* Morita equivalence Al* = V U, Bl* = U ^"Jl, V, gen- 

A 

erates ([3l Theorem 3.5]) a normal completely contractive functor between 
the left dual operator modules of Al* and B^* such that 

Since 

^ (F)(Ta ^) = Ta ^(^) 

A A 

for all a E Al, z E Zi the operator (F) maps J^(^i) into J^{Z2). So we can 
define 

J-(F) =T {F)\hz.)--HZi)^HZ2). 
We can easily check that J^{F) G H omB^{J^ {Zi) , {Z2)) ■ 

In this way we define functors F : Ai^^oci — )■ B^'fnod and ^ : Bifnod — >• 
^jmo(i. Using the above complete isometrics {Rz ■ Z G ^^mod} we can 
prove that the functor QJ^ is equivalent to the identity functor l^^mod and 
the functor J^Q is equivalent to the identity functor 1 g^mod- D 

Theorem 5.6. Strong Morita equivalence of unital operator algebras doesn't 
imply A— equivalence of the second dual operator algebras. 

Proof We recall the unital operator algebras Ai,Bi which are strongly 
Morita equivalent by the above lemma. We shall prove that the algebras 
A\*,Bl* are not A— equivalent. Suppose that they are A— equivalent. We 
define the completely isometric normal representation (see Lemma [5.31) 

TT : A** ^ B{H ®C):a®\p^^ e-\a) © A. 

The algebra tt{A\*) = A © C is a CSL algebra with lattice 

{N ®Q,N ®C: N eU}. 

Suppose that Bl* = Jb ® Cg-*- where q is the identity of the algebra Jb 
and Jb is isomorphic with the algebra B. By [12, Theorem 2.7] there exists 
a completely isometric normal representation a of B^* on a Hilbert space 
Ki © K2 of the form a{h © \q^) = ai{b) © XIk^ for all b e JbA ^ such 
that the algebras -K{A\*),a{Bl*) are TRO equivalent. Since 7r(y4**) is a CSL 
algebra, a{Bl*) is also a CSL algebra, [TOl Remark 5.5]. So the algebra a{Bl*) 
contains a masa. It follows that dimK2 = 1. So we may assume that a (5**) 
is a CSL algebra acting on Ki © C. 

Since A(A) (resp. A(5)) is a masa, then A(7r(v4f )) (resp. /^{a{Bl*))) 
is also a masa. The algebras ^{■k{A\*)), A{a{Bl*)) are TRO equivalent 
[Tot Proposition 2.5]. But TRO equivalence between masas is a unitary 
equivalence (use for example [TOl Theorem 3.2]). This is a contradiction 
because A(7r(y4^*)) = A (A) © C is a totally atomic masa and the masa 
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A{a{Bl* j) = A{B) © C has a nontrivial continuous part. So the algebras 
Al*, Bl* are not A— equivalent. □ 

Acknowledgement: I wish to thank Prof. D. Blecher who pointed out the 
problem in section 5 to me. 
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